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Abstract
We propose Cooperative Component Analysis (CoCA), a new method for unsupervised multi-view
analysis: it identifies the component that simultaneously captures significant within-view variance and
exhibits strong cross-view correlation. The challenge of integrating multi-view data is particularly
important in biology and medicine, where various types of “-omic” data, ranging from genomics to
proteomics, are measured on the same set of samples. The goal is to uncover important, shared signals
that represent underlying biological mechanisms. CoCA combines an approximation error loss to
preserve information within data views and an “agreement penalty” to encourage alignment across
data views. By balancing the trade-off between these two key components in the objective, CoCA
has the property of interpolating between the commonly-used principal component analysis (PCA)
and canonical correlation analysis (CCA) as special cases at the two ends of the solution path. CoCA
chooses the degree of agreement in a data-adaptive manner, using a validation set or cross-validation to
estimate test error. Furthermore, we propose a sparse variant of CoCA that incorporates the Lasso
penalty to yield feature sparsity, facilitating the identification of key features driving the observed
patterns. We demonstrate the effectiveness of CoCA on simulated data and two real multiomics studies
of COVID-19 and ductal carcinoma in situ of breast. In both real data applications, CoCA successfully
integrates multiomics data, extracting components that are not only consistently present across different
data views but also more informative and predictive of disease progression. CoCA offers a powerful
framework for discovering important shared signals in multi-view data, with the potential to uncover
novel insights in an increasingly multi-view data world.

1 Introduction
With technological advances in biomedicine, it is common to collect multiple types of data, or “data views”
on a common set of samples. The multiple data views enable a more holistic characterization of the subjects
under investigation. For example, omics data, ranging from genomics and epigenomics to transcriptomics
and proteomics, can now be routinely generated for a given set of biological specimens. These omics data
capture molecular variations from different dimensions, providing a comprehensive view of complex biological
systems and offering the potential to uncover new insights that may be hidden in a single data modality.

Given the high dimensionality and complexity of these datasets, principal component analysis (PCA)
is frequently used to reduce dimensionality and identify the most significant patterns within the data
[1, 2, 3, 4, 5, 6, 7, 8, 9]. However, in multi-view settings, the challenge extends beyond finding the principal
components (PCs) that explain the most variance within data views. It can be equally important to ensure
that the identified components exhibit a strong correlation across different data views. This alignment of
components across data views suggests that the uncovered patterns are not merely artifacts of a single data
view but are consistent signals more representative of the underlying biology.

On the other hand, canonical correlation analysis (CCA) is a commonly used method to identify patterns
that are strongly correlated across different data views [10]. It finds linear combinations of variables from
two data views to maximize their correlation. However, CCA has limitations, especially when dealing with
high-dimensional data: it may be sensitive to noise and can pick up small noise directions [11, 12, 13, 14].
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Additionally, CCA may overlook important signals as it does not take into account the variance explained by
the identified components.

We propose a new method called Cooperative Component Analysis, or short for CoCA, to identify the
component that captures significant within-view variance and cross-view correlation in multi-view data. To
illustrate our method, we applied CoCA to integrate CT scan-derived radiomics features and clinical features
measured on a cohort of 127 COVID-19 patients [15], which will be described in more detail in Section 4.
Figure 1 gives a visual illustration of the scores derived from radiomics and clinical data views, obtained
from PCA, CCA, and CoCA, respectively. Each dot represents a patient and is colored by the patient’s ICU
admission outcome. As compared to PCA and CCA, CoCA shows a clearer separation between patients
who required ICU admission and those who did not, suggesting that it captures more informative patterns
associated with COVID-19 disease progression. Moreover, CoCA also shows better alignment of the scores
derived from the two data modalities, reflecting a shared underlying biological signal.

Figure 1: Comparison of multi-view scores derived from radiomics and clinical data views for a cohort of COVID-19 patients,
using PCA, CCA, and CoCA, respectively. Each point represents a patient, colored by ICU admission outcome. CoCA achieves
clearer separation between ICU and non-ICU patients and better alignment between the two data views.

The paper is organized as follows. In Section 2, we introduce the formulation of CoCA and characterize its
solution. We show that it generalizes both PCA and CCA and further motivate the conceptual underpinnings
of CoCA through an illustrative simulation study. In Section 3, we present sparse CoCA that incorporates a
Lasso penalty to improve the interpretability of the identified component, along with an efficient optimization
algorithm for solving sparse CoCA. We discuss its relation with other existing approaches and demonstrate its
effectiveness in more simulation studies. In Section 4, we illustrate the practical utility of CoCA through its
application to two real-world multiomic datasets: (1) integration of radiomics and laboratory measurements
of COVID-19 patients, and (2) integration of epithelial and stromal gene expression data of breast ductal
carcinoma in situ patients. In both applications, we show that CoCA uncovers components that capture
significant signals within data views while exhibiting strong correlations across views. The paper ends with a
discussion in Section 5 and an Appendix.

2 Cooperative component analysis (CoCA)
2.1 CoCA
We begin with a simple form of cooperative component analysis (CoCA) without sparsity. Let X1 ∈
Rn×p1 ,X2 ∈ Rn×p2 — representing two data views — and X ∈ Rn×p be the concatenation of X1 and X2.
Fixing the hyperparameter ρ ≥ 0, we propose to minimize the following objective:

min
u,v,d

1
2∥X − duv⊤∥2

F + ρ

2∥dX1v1 − dX2v2∥2
2, subject to ∥v∥2

2 = 1, ∥u∥2
2 = 1, (1)

where u ∈ Rn and v ∈ Rp are vectors, and d is a scalar. v is partitioned as v = (v1, v2), where v1 ∈ Rp1
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corresponds to X1 and v2 ∈ Rp2 to X2. The rows of the data matrices X1 and X1 represent the common set
of observations, and the columns correspond to features. The objective of CoCA is comprised of two key
components:

1. Approximation error: ∥X − duv⊤∥2
F measures the Frobenius norm of the difference between the

original data X and its low-rank approximation duv⊤. Specifically, given a data matrix X ∈ Rn×p

with singular value decomposition (SVD) X =
∑r

k=1 dkukv⊤
k , by the Eckart-Young Theorem [16], the

leading singular value d1, and left and right singular vectors u1, v1, are the solution to the optimization
problem

min
u,v,d
∥X − duv⊤∥2

F , subject to ∥v∥2
2 = 1, ∥u∥2

2 = 1. (2)

The constraints ∥v∥2
2 = 1 and ∥u∥2

2 = 1 ensure the normalization of the singular vectors to guarantee a
unique solution. Note that PCA can be performed via SVD of the data matrix: the principal components
are the right singular vectors of the data matrix obtained from SVD.

2. Agreement Penalty: ∥dX1v1− dX2v2∥2
2 introduces a penalty to encourage alignment across different

data views. Intuitively, this term aligns two sets of scores for the samples, obtained by computing
X1v1 and X2v2. These scores could represent, for example, disease severity measures, derived from
radiomics and clinical data views as in the previous motivating example. We refer to these as multi-view
scores. By minimizing the difference between these two sets of scores, the agreement penalty encourages
similarity between the disease severity measures obtained from radiomics data and those from clinical
data, thereby promoting agreement across data views. ρ ≥ 0 controls the relative importance of the
agreement penalty.

CoCA formulation reflects a balance between capturing important patterns within data views and
encouraging alignment across data views to reveal common underlying signals. The hyperparameter ρ controls
the trade-off between the approximation error and the agreement penalty. When ρ = 0, Problem 1 reduces
to the standard SVD, which focuses solely on minimizing the approximation error. As ρ increases, more
emphasis is placed on encouraging alignment across data views. The optimal value of ρ can be estimated
using a validation set or through cross-validation, which we describe in more detail in Appendix Section A.

By varying the weight of the agreement penalty, CoCA has the property of encompassing PCA and CCA
as special cases at the two extremes of the solution path:

• When ρ = 0, the solution v̂ is proportional to the first principal component of the combined data view
X;

• As ρ approaches infinity, the appropriately scaled v̂ converges to the leading canonical direction between
the two views X1 and X2.

We discuss this relationship in more detail in the next section.

2.2 Relation to PCA and CCA
We now show that CoCA generalizes both PCA and CCA: when ρ = 0, v̂ is proportional to the first principal
component of X, and as ρ→∞, the appropriately scaled v̂ converges to the leading canonical direction. We
will find it convenient to transform dv 7→ v in Problem (1), in which case the problem can be reformulated as∗

min
u,v

1
2∥X − uv⊤∥2

F + ρ

2∥X1v1 −X2v2∥2
2 subject to ∥u∥2

2 = 1. (3)

Let û, v̂ be the solution to (3). Standard Lagrange calculus shows that û is the leading eigenvector of the
matrix X(I + ρDX⊤XD)−1X⊤, while v̂ is the leading eigenvector of the matrix (I + ρDX⊤XD)−1X⊤X,
where D = diag(Ip1 ,−Ip2). Let λ1 be the leading eigenvalue of (I + ρDX⊤XD)−1X⊤X.

∗Note that if (û, v̂) is the solution to (3), then (û, v̂/∥v̂∥2, ∥v̂∥2) is the solution to (1).
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Theorem 1. The solution (û, v̂) to (3) satisfies

X(I + ρDX⊤XD)−1X⊤û = λ1û, ∥û∥2
2 = 1. (4)

and
(I + ρDX⊤XD)−1X⊤X v̂ = λ1v̂, ∥X v̂∥2 = λ1. (5)

Moreover, when ρ = 0, v̂ is proportional to the first principal component of X. As ρ→∞, if rank(X) = p < n
and X⊤

1 X2 ̸= 0, then (v̂1/∥X1v̂1∥2, v̂2/∥X2v̂2∥2) converges to the first canonical direction between X1 and
X2.

The proof of Theorem 1 is given in Appendix B. An interesting consequence of Theorem 1 is that CoCA
can be viewed from two perspectives:

1. The perspective we have been taking thus far is that CoCA is a kind of penalized PCA. The CoCA
objective takes the traditional objective of SVD – minimizing rank-1 approximation error – and adds a
penalty that encourages the solution to be highly correlated between views. If the first population PC
is highly correlated between views, the agreement penalty exploits this structure so that the CoCA
solution can be more accurate, and achieve lower reconstruction error on test data, than the usual first
sample PC.

2. A new perspective, motivated by Theorem 1, is that CoCA is a kind of penalized CCA. Seen in this way,
CoCA takes an objective – minimizing squared differences between the single-view scores X1v1 and
X2v2 – that results in the first canonical directions, and adds a penalty that steers the solution towards
higher variance-explained solutions. This penalty prevents overfitting spurious correlations in lower
variance-explained directions. If X1,X2 have low effective rank, and the first population canonical
directions are indeed in the higher variance-explained subspaces, then the CoCA solution can be more
accurate than the usual first sample canonical directions.

These two perspectives on CoCA are visualized in Figure 2. The upshot is that CoCA can be viewed as an
alternative to either PCA (for estimating the first population PC) or CCA (for estimating the first canonical
direction), and we will see examples where CoCA is more accurate than either PCA or CCA shortly.

2.3 Illustrative simulation study
To show the potential benefits of CoCA, as compared to PCA and CCA, we conduct an illustrative simulation
study with data drawn from a latent factor model. In this model, we suppose the data X = (x1 . . . xn)⊤

consist of independent vectors xi ∈ Rp, with each xi = (xi,1, xi,2) consisting of two views xi,1 ∈ Rp1 , xi,2 ∈ Rp2

generated according to

x1 = β1z + W1z1 + B1s + ϵ1, z ∼ N(0, 1), z1 ∼ Nk1(0, Ik1), s ∼ Nl(0, Il), ϵ1 ∼ Np1(0,Ω1)
x2 = β2z + W2z2 + B2s + ϵ2, z2 ∼ Nk2(0, Ik2), ϵ2 ∼ Np2(0,Ω2)

(6)

with all random variables independent. Latent variable models similar to (6) have been used to study
PCA [17, 18, 19, 20] and CCA [21, 22], and so (6) is a natural test bed for understanding CoCA. The
covariance of a random vector x ∈ Rp distributed according to (6) is

Cov(x) := Σ = ββ⊤ +
[
W1W

⊤
1 0

0 W2W
⊤
2

]
+ BB⊤ +

[
Ω1 0
0 Ω2

]
,

where β = (β1, β2) and B = (B1,B2).
Consider (6), with p1 = p2 = 4, and parameters taken as follows:

β1 = β2 =


1
0
0
0

 , W1 = W2 = (∥β∥2−0.1)


0
1
−1
0

 , B1 = B2 = (∥β∥2−1)


0
0
0
1

 , Ω1 = Ω2 = diag(1, 1, 1, 0.09).

For these choices, we would expect an intermediate value of ρ to achieve the best performance:
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Figure 2: Intuition behind CoCA. Consider a scenario where an important biological pathway, such as the p53 pathway involved
in cell cycle regulation and tumor suppression, contains the most signal and drives the correlation between two data views (e.g.,
transcriptomics and proteomics). This pathway can be considered a latent factor, with key genes and corresponding proteins
having loadings on this factor in both views. While there could be other pathways that explain large variance within each
view, they may not be consistently shared between the views. CoCA can be understood from two perspectives. In the subpanel
(1) on the bottom left, CoCA finds the best rank-1 approximation of the data by leveraging side information, i.e., shared
underlying relationships between views, to improve approximation error. The assumption is that the best rank-1 approximation
is the information that is redundantly expressed across views, and the agreement penalty exploits this structure to improve
the approximation. Alternatively, in the subpanel (2) on the bottom right, CoCA can be seen as identifying the direction that
maximizes correlation across views while incorporating a constraint favoring high-variance directions to reduce overfitting.

• The first population PC and population canonical directions are both equal to β = (β1, β2). Thus β
corresponds to the direction that both explains the highest variance, and has the most cross-correlation
between views. It is in fact also the solution to CoCA at the level of the population – i.e. the
optimization problem (1) with X = Σ1/2 – for any value of ρ, as we demonstrate numerically in this
simulation study.

• Both (W1, 0) and (0,W2) – i.e. W1 and W2, padded with zeros to make them vectors in Rp – explain
a similar amount of variance to β, making them good candidates for PCA; but they are each supported
in only one of the two views, and so have cross-correlation equal to zero.

• On the other hand, B has similar cross-correlation to β, making it a good candidate for CCA; but it
explains much less of the overall variance.

Figure 3 visualizes the results when CoCA is computed on n = 200 samples drawn from this latent factor
model. Two different criteria are used to evaluate performance of CoCA across different values of ρ. The left
plot shows expected estimation error, which measures the difference between the estimated component v̂ and
the true component β:†

E
[

min{∥v̂ − β∥2
2, ∥ − v̂ − β∥2

2}
]

‡.

The right plot shows the excess reconstruction error on a test set, where the test set Xtest is generated with
the same set of parameters with more number of data points ntest = 5000. The excess reconstruction error
measures how well the estimated component v̂ reconstructs the unseen test data as compared to the true
component β, and is calculated as:

E
[ 1

n
∥Xtest −Xtestv̂(v̂)⊤∥2

F −
1
n
∥Xtest −Xtestβ(β)⊤∥2

F

]
.

†We normalize β ← β/∥β∥2 and v̂ ← v̂/∥v̂∥2 before calculating the estimation and excess reconstruction error.
‡The minimum is over v̂,−v̂ because the CoCA solution is defined only up to ±1.
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Figure 3: An illustrative simulation study. The plots show the estimation and excess reconstruction error of CoCA across
different values of ρ under a latent factor model. The red line corresponds to the error of the population CoCA solution across
different values of ρ. Each point is an average over 100 Monte Carlo runs.

Both the estimation error and excess reconstruction error plots reveal a clear U-shaped curve, with an
optimal performance achieved at an intermediate value of ρ. The optimal point offers a marked improvement
over the solution at either extreme of the solution path. The red line in the plots corresponds to the solution
of population CoCA, which remains at β across different values of ρ. These results illustrate how CoCA
effectively captures the shared signal and offers benefits over PCA and CCA in finite-sample scenarios.

In many applied problems with multiple data views, it can be reasonable to think of data as arising
from a latent factor model in which there are (a few) shared and (many) individual latent factors. To give
a concrete example in biomedicine, consider transcriptomics and proteomics data collected on a common
set of cancer tissue samples (Figure 2). Suppose there is an important biological pathway, such as the p53
signaling pathway involved in cell cycle regulation and tumor suppression, that contains the most signal and
makes the two views most correlated with each other. The pathway can be thought of as a latent factor:
the key genes in the pathway (e.g. TP53, MDM2, CDKN1A) have expression levels in the transcriptomics
data and corresponding protein abundances in the proteomics data that load strongly on this factor. Besides
this shared factor, there could be other pathways that explain large variance but are not shared consistently
between both gene and protein expression, therefore unlikely to be the consistent biological signals we aim to
identify. Alternatively, there might be other shared pathways, such as the Wnt signaling pathway involved in
embryonic development, that are less relevant to the cancer phenotype of interest. Our goal is to specifically
identify the important shared patterns, which could be most informative about the underlying biology. The
simulation study of this section indicates CoCA can be an effective method for this kind of problem.

3 Sparse cooperative component analysis (Sparse CoCA)
3.1 Sparse CoCA
To encourage sparsity in the solution, we incorporate an ℓ1 penalty on v into the objective in Problem (3)
and solve the following optimization problem:

min
u,v
∥X − uv⊤∥2

F + ρ∥X1v1 −X2v2∥2
2 + λ∥v∥1, subject to ∥u∥2

2 = 1. (7)

We build upon Problem (3) instead of Problem (1) because the non-convex constraint on v in the latter
would make the optimization problem challenging to solve. In Problem (7), ρ ≥ 0 is the hyperparameter that
controls the relative importance of the agreement penalty ∥X1v1 −X2v2∥2

2, and λ ≥ 0 controls the sparsity
of v through the ℓ1 penalty. We refer to this as sparse CoCA.
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We propose an alternating algorithm for optimizing the non-convex problem (7), inspired by the sparse
PCA algorithm proposed by [23]. The algorithm iteratively optimizes over v and u, fixing one and optimizing
over the other. Specifically, the updates are as follows. At step k + 1, with a fixed value of uk, we solve v by
solving the following minimization problem

min
v
∥X⊤uk − v∥2

2 + ρ∥X1v1 −X2v2∥2
2 + λ∥v∥1. (8)

The solution can be computed as follows. Letting

X̃ =
[

Ip√
ρXD

]
, ỹ =

[
X⊤uk

0p

]
, β̃ =

[
v1
v2

]
,

then Problem (8) can be rewritten as:

min
v
||ỹ − X̃β̃||22 + λ∥β̃∥1. (9)

This is a form of the Lasso, and can be computed, for example by the glmnet package [24].
With a fixed value of vk+1, the u-update is simply

uk+1 = Xvk+1

∥Xvk+1∥2
.

Let Lasso(X,y, λ) denote the generic problem:

min
β
∥y −Xβ∥2

2 + λ∥β∥1. (10)

We outline the alternating algorithm for sparse CoCA in Algorithm 1.

Algorithm 1 Alternating algorithm for sparse CoCA.
Input: Let X1 ∈ Rn×p1 ,X2 ∈ Rn×p2 — representing two data views — and X ∈ Rn×p be the

concatenation of X1 and X2. For fixed hyperparameters ρ ≥ 0 and λ ≥ 0.
for k ← 0, 1, 2, . . . until convergence do

At step k + 1,
1. v-update: At a fixed value of uk, let

X̃ =
[

Ip√
ρXD

]
, ỹ =

[
X⊤uk

0p

]
Update vk+1 by solving Lasso(X̃, ỹ, λ).

2. u-update:

uk+1 = Xvk+1

∥Xvk+1∥2
.

end

The optimal value of ρ and λ can be determined using a validation set or cross-validation (CV) to estimate
the test reconstruction error or other metrics based on the specific applications. We describe the detailed CV
procedures for CoCA in Appendix Section B.

Remark A. Without sparsity, each v-update satisfies:

vk+1 = [I + ρDX⊤XD]−1X⊤Xvk

∥Xvk∥2
.

These are the iterates of the power method, up to normalization, and it can be seen that the true solution v̂
as defined in (5) is a fixed point of the algorithm. Hence, convergence to the optimum without sparsity is
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guaranteed. With sparsity, there is no longer a guarantee of convergence, but the algorithm behaves well in
practice based on our experimental observations.

Remark B. We have explored alternative formulations of CoCA. They correspond to different approaches
to sparse PCA [25]. Without sparsity, they are equivalent to our final formulation, which corresponds to the
SVD-based approach to sparse PCA. The key requirements for finalizing our formulation are two-fold:

• First, it encompasses PCA and CCA as special cases at the two ends of the solution path.
• Second, it is computationally tractable when sparsity is introduced, allowing the use of efficient

algorithms like glmnet in an alternating optimization scheme.
Our final formulation is the only one that satisfies these key requirements. We provide further details on the
alternative formulations in Appendix Section C.

3.2 Relation to other existing approaches
We have mentioned in Section 2.2 the close connection of CoCA to PCA and CCA: setting ρ = 0 or ρ→∞
in CoCA gives PCA and CCA, respectively, as special cases at the two ends of the solution path.

For high-dimensional settings, researchers have proposed various sparse variants of PCA [23, 26, 27, 28,
11, 29, 30, 31] and CCA [32, 13, 33, 34, 35, 36], among others. For example, Jolliffe et al. [26] built upon
the maximal variance characterization of PCA and proposed a method for sparse PCA called SCoTLASS to
obtain sparse loadings. The first sparse principal component solves:

max
v

v⊤(X⊤X)v, subject to ∥v∥2
2 ≤ 1, ∥v∥1 ≤ c, (11)

where c is a tuning parameter controlling the level of sparsity. Subsequent components are obtained by solving
the same problem with the additional constraint that they must be orthogonal to the previous components.
However, this direct formulation leads to a non-convex optimization problem that is computationally costly
to solve.

After SCoTLASS, Zou et al. [23] introduced a more computationally efficient SPCA algorithm for
high-dimensional data. They showed that PCA can be formulated as a regression-type optimization problem,
where sparse loadings are obtained by imposing the Lasso constraint on the regression coefficients β:

min
α,β
∥X −Xβα⊤∥2

F + λ0∥β∥2
2 + λ∥β∥1, subject to ∥α∥2

2 = 1, (12)

where λ0, λ ≥ 0, and u ∈ Rp, v ∈ Rp. They leveraged the regression/reconstruction error property of PCA to
derive sparse principal components and proposed an efficient alternating algorithm for solving Problem (12).

Furthermore, as PCA can also be solved via the SVD of the data matrix, there have also been methods
proposed based on the SVD [28, 11]. Specifically, Witten et al. [11] proposed a penalized matrix decomposition
(PMD) framework as follows:

min
d,u,v
∥X − duv⊤∥2

F subject to ∥u∥2
2 = 1, ∥u∥1 ≤ c1, ∥v∥2

2 = 1, ∥v∥1 ≤ c2. (13)

An alternating algorithm was used to solve u and v iteratively. In addition, they also showed that the PMD
framework applied to a cross-product matrix solves penalized CCA. We note that the approximation error
term in the CoCA objective, ∥X − duv⊤∥2

F , is based on the best rank-1 approximation of the data matrix
X using the SVD, similar to the PMD framework of [11]. Furthermore, the computation of sparse CoCA
draws inspiration from the algorithm proposed by Zou et al. [23], where we iteratively optimize for u and v.
Specifically, the update for v can be reformulated as a Lasso problem, which can be efficiently solved using
existing optimization techniques.

Another relevant approach is the joint and individual variation explained (JIVE) method proposed by Lock
et al. [37]. JIVE decomposes multiple data matrices into three terms: a low-rank approximation capturing
joint structure between data views, low-rank approximations capturing patterns individual to each data view,
and residual noise. This method allows for the simultaneous exploration of shared and view-specific patterns
of variability in multi-view data. Tang and Allen introduced another method to capture both individual and
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joint patterns across data views called integrated principal components analysis (iPCA) [38]. They employ a
matrix-variate normal model and utilize penalized covariance estimators to extract these patterns.

CoCA also shares conceptual similarities with the supervised learning method cooperative learning proposed
by Ding et al. [39] for multi-view data. The method combines the usual squared error loss of predictions
with an “agreement” penalty to encourage the predictions from different data views to agree. By varying the
weight of the agreement penalty, cooperative learning encompasses the commonly-used early and late fusion
and blended versions of these methods. In the regularized setting, considering feature matrices X ∈ Rn×px

and Z ∈ Rn×pz , and target vector y ∈ Rn, cooperative learning seeks to solve the following problem:

min
θx,θz

1
2∥y −Xθx −Zθz∥2

2 + ρ

2∥(Xθx −Zθz)∥2
2 + λxP x(θx) + λzP z(θz), (14)

where θx ∈ Rpx and θz ∈ Rpz , ρ controls the importance of the agreement term ∥(Xθx − Zθz)∥2
2, and

P x and P z are penalty functions. Cooperative learning can be particularly effective when the different
data views share some underlying relationship in their signals that can be exploited to boost the signal
strength. Furthermore, cooperative learning has also been extended to semi-supervised settings [40], where
the agreement penalty is utilized to leverage matched, unlabeled samples across data views to aid the learning
process. CoCA further extends this concept of promoting agreement between views to unsupervised settings.

3.3 Simulation study with sparse CoCA
We evaluate sparse CoCA on simulated data drawn from the latent factor model with added noise as described
in (6). We introduce sparsity by letting some columns of X1 and X2 be pure noise dimensions. For simplicity,
we consider the two views to have the same dimension p1 = p2, but this easily extends to views of different
dimensions.

Figure 4 presents the simulation results under the different settings. Panel A in Figure 4 corresponds to
the scenario where β has 2 non-sparse dimensions. The training data consists of n = 200 data points with
p1 = p2 = 30 features in each view. A large test dataset with 5000 data points is generated using the same
set of parameters as the training set.

The first subpanel of Panel A shows the estimation error across different values of ρ, aggregated over 10
Monte Carlo runs. The estimation error measures the difference between the true component used to generate
the data and the estimated component. The plot exhibits a U-shaped pattern, with the best performance
achieved at an intermediate value of ρ. This optimal point demonstrates an estimation error over four orders
of magnitude smaller than those seen at the two ends of the solution path.

Moreover, CoCA is compared with sparse PCA and CCA methods implemented using the PMA package
[11].§ The optimal parameters for each method are selected using a validation set. The second subpanel
shows the reconstruction error on the unseen test set. Due to high variation across experiment runs, the
results are also benchmarked against the sparse PCA method in each Monte Carlo run, with the difference
shown in the third subpanel and a dotted horizontal line shown at zero. The last subpanel presents the
difference with the oracle error in each run, where the oracle error is obtained by using the true component
to reconstruct the test set.

CoCA outperforms PCA (p = 0.054) and CCA (p = 0.007) in reconstruction error, as determined by
paired t-tests. In addition, Panel B in Figure 4 considers a more challenging setting with a denser component
and a smaller training set of n = 50 data points. CoCA again demonstrates improved estimation error, and
significantly outperforms PCA (p = 0.020) and CCA (p = 0.002) in reconstruction error.

§Note that although CoCA with ρ = 0 and ρ→∞ corresponds to PCA and CCA, respectively, the sparse PCA and CCA
methods proposed in [11] are different than sparse CoCA with ρ = 0 and ρ→∞.
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Figure 4: Simulation results comparing CoCA with sparse PCA and CCA under different settings. Panel A corresponds to
the simulation setting with a simple true component with 2 non-sparse dimensions, n = 200, and p = p1 = p2 = 30. Panel B
considers a denser component and a smaller training set with n = 50. In both settings, CoCA demonstrates benefits in reducing
estimation and reconstruction error by leveraging shared underlying relationships between data views. The results are aggregated
over 10 Monte Carlo runs.

4 Real data examples
4.1 Integration of CT scan-derived radiomics and laboratory measurements of

COVID-19 patients
We applied CoCA to integrate CT scan-derived radiomics features and laboratory result features measured on
a cohort of 127 COVID-19 patients [15]. The goal of the analysis is to identify the component that captures
important signals within data views while exhibiting strong correlations across data views. In addition, we
utilized the scores derived from the two data views for each patient under a linear discriminant analysis
(LDA) model to predict their risk of severe disease progression requiring intensive care unit (ICU) admission.

The radiomics data consists of 1576 quantitative features extracted from CT scans, capturing various
aspects of the imaged tissues, including density distribution and texture characteristics. These features
provide an imaging-based characterization of the COVID-19-induced abnormalities. The clinical data, on
the other hand, comprises 22 key laboratory measurements, including hemoglobin, white blood cell count,
albumin, lactate dehydrogenase, D-dimer, C-reactive protein, and ferritin. These laboratory tests offer insights
into the systemic effects of the disease and the patient’s overall health status.

We split the dataset of 127 patients into training and test sets of 102 and 25 patients, respectively. CV
was employed to select the optimal hyperparameters for each method: ρ and λ for CoCA, and sparsity levels
for sparse PCA and sparse CCA. For sparse PCA and sparse CCA, we utilized the PMA package, which
provides efficient implementations of these methods and allows for the specification of sparsity levels. The CV
procedure involved deriving components using the training set and then estimating the test error by using
the derived scores to predict ICU outcomes on the validation set.
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Figure 5: Comparison of multi-view scores derived from radiomics and clinical data views for a cohort of COVID-19 patients,
using PCA, CCA, and CoCA, respectively. We have seen this figure as a motivating example in the introduction. Here each
point represents a patient, colored by ICU admission outcome. CoCA achieves clearer separation between ICU and non-ICU
patients and better alignment between the two data views.

Figure 6: Test performance of using the multi-view scores from radiomics and clinical data for predicting ICU outcomes based
on AUROC. The left panel shows the AUROC curve on an unseen test set: CoCA outperforms both PCA and CCA, improving
the AUROC from 0.76 to 0.86. The middle panel shows the AUROC performance across five experiment runs with different
random splits of the training and test sets: the median AUROC for CoCA is higher than the upper quantile AUROC of both
PCA and CCA. The right panel plots the difference in AUROC between each method and CCA across experiment runs, with
positive values indicating that the method outperformes CCA.

Figure 5 visualizes the scores for each patient obtained from sparse PCA, sparse CCA, and sparse CoCA.
Each point represents a patient, and the color indicates their ICU admission outcome. The plot provides a
visual assessment of how well the derived components can separate patients with different disease progression
outcomes. From the CoCA plot, we observe a clearer separation between patients who required ICU admission
and those who did not, compared to the PCA and CCA plots. This suggests that the component learned
by CoCA capture more informative and discriminative patterns that are associated with the severity of
COVID-19 progression. Moreover, the CoCA plot also exhibits better alignment of the scores derived from
the two data modalities. This indicates that CoCA effectively identifies components that are consistent and
strongly correlated across the different data types, reflecting a shared underlying biological signal.

In Figure 6, we evaluate the test performance of using the scores for predicting ICU outcomes based
on the area under the receiver operating characteristic curve (AUROC) metric. The left panel shows the
AUROC curve on the test set: CoCA outperforms both PCA and CCA, improving the AUROC from 0.76 to
0.86. To assess the robustness of these findings, we conducted the experiment for five times with different
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random splits of the training and test sets. The middle panel shows the AUROC performance across different
experiment runs: the median AUROC for CoCA (represented by the center line) is higher than that of the
upper quantile AUROC of both PCA and CCA. With the inherent variability in performance across different
runs, we further benchmarked the methods against CCA in each experiment run. The right panel plots the
difference in AUROC between each method and CCA across experiment runs, with positive values indicating
that the method outperformes CCA.

Figure 7: Test performance of using the multi-view scores from radiomics and clinical data for predicting ICU outcomes based
on AUPRC. The left panel shows the AUPRC curve on an unseen test set: CoCA outperforms both PCA and CCA, improving
the AUPRC from 0.86 (CCA) and 0.88 (PCA) to 0.94 (CoCA). The middle panel shows the AUPRC performance across five
experiment runs with different random splits of the training and test sets: the median AUPRC for CoCA is higher than the
upper quantile AUPRC of both PCA and CCA. The right panel plots the difference in AUPRC between each method and CCA
across experiment runs, with positive values indicating that the method outperformed CCA.

Moreover, to account for the class imbalance in the data, where 57 out of 127 patients required ICU
admission, we also evaluated the performance using the area under the precision-recall curve (AUPRC). As
before, the left panel of Figure 7 shows the AUPRC curve on the test set for one split of the training and test
sets. The middle panel shows the AUPRC performance for each method across five different random splits of
the training and test sets. The right panel plots the difference in AUPRC between each method and CCA.
These results highlight the effectiveness of CoCA. By leveraging the shared information across the radiomics
and clinical data views, CoCA is able to extract more informative components that are consistently present
across views and more predictive of disease progression.

We also performed model interpretation by examining the top selected features from the two data
modalities. The selected radiomics features include the first-order statistics such as total energy in the LLL
(low-low-low) wavelet decomposed image, the gray level dependence matrix (GLDM) dependence variance in
the LLH (low-low-high) wavelet decomposed image, and the gray level size zone matrix (GLSZM) small area
emphasis in the LLL (low-low-low) wavelet decomposed image, among others. They capture the intensity
and textural characteristics of the imaged tissues, reflecting the heterogeneity and complexity of COVID-19-
induced abnormalities in the lungs. On the other hand, the top selected clinical features, albumin (ALB) and
lactate dehydrogenase (LDH), are associated with disease severity and tissue damage. Specifically, low ALB
levels indicate a severe systemic inflammatory response, potentially leading to pulmonary edema, while high
LDH levels mark the extent of lung injury. The correlation between these radiomics and clinical features can
be explained by the underlying pathophysiology of COVID-19, where the systemic inflammatory response and
tissue damage manifest as alterations in the intensity and texture of the CT images. CoCA’s integration of
these features allows for a more comprehensive characterization of disease severity and progression, potentially
improving risk stratification and guiding clinical decision-making.

12



Figure 8: Comparison of multi-view scores derived from epithelial and stromal gene expression data for a cohort of DCIS
patients with different disease outcomes, using PCA, CCA, and CoCA, respectively. Here each point represents a patient,
colored by differnt outcome groups, i.e. concurrent contralateral IBC, disease recurrence and no-recurrence. CoCA achieves
clearer separation between patients with different outcomes and better alignment between the two molecular data views.

4.2 Integrating epithelial and stromal gene expression data of breast ductal
carcinoma in situ (DCIS) patients

We also applied CoCA to integrate epithelial and stromal gene expression data from a study on ductal
carcinoma in situ (DCIS), the most common precursor of invasive breast cancer (IBC) [41]. In the dataset,
the Resource of Archival Breast Tissue (RAHBT) cohort contained 78 patients, including 17 patients with
concurrent contralateral IBC, 27 patients with disease recurrence, and 34 controls without disease recurrence.
The data consisted of paired epithelial and stromal gene expression profiles obtained through laser capture
microdissection, allowing for the separate analysis of these two key tissue compartments. The goal of the
analysis was to identify the component that captures important signals within and across different molecular
data views, providing insights into the spectrum of molecular changes in DCIS and potential predictors of
disease progression. In addition, we utilized the scores derived from the two data views for each patient under
a LDA model to classify DCIS patients into concurrent IBC, disease recurrence and no-recurrence.

Both epithelial and stromal gene expression data consist of 60,662 gene expression features, which were
screened by their variance across the subjects. We split the dataset of 78 patients into training and test
sets of 70 and 8 patients, respectively. To ensure robustness of our results, we conducted the same set of
experiments across 10 different random splits of the training and test sets. CV was employed to select the
optimal hyperparameters for each method: ρ and λ for CoCA, and sparsity levels for sparse PCA and sparse
CCA. For sparse PCA and sparse CCA, we utilized the PMA package. The CV procedure involved deriving
components using the training set and then estimating the test error by using the scores to predict disease
outcomes on the validation set.

Figure 8 visualizes the multi-view scores for each patient obtained from sparse PCA, sparse CCA, and
sparse CoCA. Each point represents a patient, and the color indicates their disease outcome, i.e. concurrent
contralateral IBC, future recurrence, or no recurrence. The plot provides a visual assessment of how well the
derived components can separate patients with different disease outcomes. The CoCA plot demonstrates
a more distinct separation of patients with differnt outcomes, as well as enhanced alignment between the
two sets of scores derived from epithelial and stromal data views. This suggests that CoCA more effectively
captures shared biological signals across tissue compartments that may be crucial in distinguishing DCIS
progression patterns and risk of invasive cancer development.

Table 1 compares the performance of Sparse PCA, Sparse CCA, and Sparse CoCA in differentiating DCIS
patients into outcome groups. The multi-class AUROC metric [42] is used for evaluation. The table shows
the mean and standard deviation (SD) of both the absolute AUROC values and the performance relative to
CCA across different splits of the training and test sets. Sparse CoCA achieves the highest mean AUROC
(0.753) on unseen test sets and shows the best performance relative to CCA (+0.060), suggesting that it
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offers superior discriminative power for classifying DCIS outcomes.

Methods Test AUROC Relative to CCA
Mean SD Mean SD

Sparse PCA 0.628 0.141 -0.066 0.010
Sparse CCA 0.694 0.110 0.000 0.000

Sparse CoCA 0.753 0.089 0.060 0.043

Table 1: Test performance of Sparse PCA, Sparse CCA, and Sparse CoCA in differentiating DCIS patients. The first two
columns in the table show the mean and standard deviation (SD) of the multi-class AUROC on the test set across different
splits of the training and test sets. The third and fourth column show the AUROC difference relative to sparse CCA, with
positive values indicating better performance than sparse CCA.

We also performed model interpretation by examining the top selected features from the paired epithelial
and stromal gene expression profiles. Several genes were consistently selected as important features in both
epithelial and stromal compartments, including IGKC, TFF1, MUCL1, SLC39A6, and ANKRD30A. IGKC,
a key component of the humoral immune system, has been associated with improved distant metastasis-free
survival in early breast cancer, suggesting a potential protective role of tumor-infiltrating immune cells
[43, 44]. TFF1, an estrogen-regulated protein, has been shown to stimulate migration of human breast cancer
cells, potentially contributing to disease recurrence [45]. These genes are worth further investigation for their
roles in DCIS progression.

5 Discussion
In this paper, we introduce Cooperative Component Analysis (CoCA), a novel unsupervised learning method
for integrating multiple data views, by identifying the component that simultaneously captures significant
within-view variance and exhibits strong cross-view correlation. CoCA encourages alignment across data
views through an agreement penalty. By varying the weight of the agreement penalty in the objective, CoCA
encompasses the commonly used principal component analysis (PCA) and canonical correlation analysis
(CCA) as special cases at the two ends of the solution path. This allows CoCA to choose the degree of
agreement in a data-adaptive manner.

Additionally, this approach has promises to be extended to scenarios where explicit grouping information
is unavailable or suboptimal. In such cases, we adaptively identify the optimal grouping that best captures the
underlying shared structure across variables, with the potential to improve upon PCA without prior knowledge
of the grouping. Moreover, it is also possible to define a rank-K generalization of CoCA, by replacing u and
v with rank-K orthogonal matrices in (1). However, it is more difficult to define a computationally tractable
rank-K sparse formulation of CoCA, due to challenges introduced by the orthogonality constraints, and so
we leave this for future work.

Furthermore, to enhance interpretability, CoCA incorporates the Lasso penalty to yield a sparse component.
This facilitates the identification of key features driving the observed patterns. The effectiveness of CoCA
has implications for improving our understanding of complex systems and uncovering novel insights in an era
of increasingly multi-view data.
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A Cross-validation procedure for CoCA
In this section, we describe three options for the cross-validation (CV) procedure to determine the optimal
values of hyperparameters ρ and λ in CoCA: K-fold CV and “speckled CV” for unsupervised settings, and
K-fold CV for supervised settings.

For K-fold CV in unsupervised settings, the training set is divided into K folds. For each combination
of ρ and λ in a pre-defined grid, we iterate through the folds. In each iteration, we train CoCA on K − 1
folds, excluding the current fold, and then calculate the reconstruction error on the held-out fold using the
estimated component. This process is repeated K times, and the average reconstruction error across all K
folds is computed for each hyperparameter combination. The ρ and λ values that minimize this average
reconstruction error across folds are selected as optimal.

An alternative approach is “speckled CV”, where a proportion of values in the data matrix are randomly
masked. These masked values serve as a validation set for hyperparameter selection, while the unmasked
values are used for training. In this approach, we evaluate how well the component derived from the unmasked
data can reconstruct the masked elements. Specifically, for each combination of hyperparameters, we compute
the components using the unmasked data, reconstruct the entire matrix, and then calculate the reconstruction
error for the masked elements. The hyperparameters that minimize this reconstruction error are selected as
optimal. This procedure is described in more detail in [46].

When an outcome of interest is available and is desired to be used for hyperparameter selection we
follow a similar K-fold CV procedure, but with a focus on predicting the outcome of interest rather than
reconstruction error. For each hyperparameter combination, we apply CoCA on the training data and derive
multi-view scores. We then use K-1 folds of these scores to predict the responses in the K-th fold. This
process is repeated K times, with each fold serving as the validation set once. We calculate a prediction
error metric (such as misclassification rate or mean squared error) for each fold. The average prediction error
across all folds is computed for each hyperparameter combination, and the ρ and λ values that minimize this
average prediction error are selected as optimal.

B Proof of Theorem 1
We begin by establishing that the solutions û, v̂ to Problem (3) satisfy (4) and (5), using standard SVD
arguments. Define

L(u, v) := 1
2v⊤v − u⊤Xv + ρ

2∥X1v1 −X2v2∥2
2.

This is simply the criterion of Problem (3) minus tr(X⊤X), and it follows that Problem (3) is equivalent to

min
u,v
L(u, v), subject to ∥u∥2

2 = 1. (15)

Let v̂(u) be the solution to min
v
L(u, v), and observe that

X⊤u = (I + ρDX⊤XD)v̂(u). (16)

Substituting this expression for v in (15), it follows that û is the solution to

min
u
−u⊤X(I + ρDX⊤XD)−1X⊤u, subject to ∥u∥2

2 = 1.

Therefore û satisfies (4) as claimed:

X(I + ρDX⊤XD)−1X⊤û = λ1û, ∥û∥2 = 1. (17)

Now, let û(v) solve minu L(u, v) subject to ∥u∥2
2 = 1. Observe that

û(v) = Xv

∥Xv∥2
. (18)
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Plugging this in to (4) and applying X⊤ to each side gives:
1

∥X v̂∥2
X⊤X(I + ρDX⊤XD)−1X⊤X v̂ = 1

∥X v̂∥2
λ1X

⊤X v̂,⇐⇒

(I + ρDX⊤XD)−1X⊤X v̂ = λ1v̂.

We have now solved for û and v̂, the latter up to a constant of proportionality. To determine what this
constant is, note that from (16), (18) and the previous display we have that

v̂ = (I + ρDX⊤XD)−1X⊤û = 1
∥X v̂∥2

(I + ρDX⊤XD)−1X⊤X v̂ = λ1

∥X v̂∥2
v̂.

In other words, v̂ is proportional to the leading eigenvector of the matrix (I + ρDX⊤XD)−1X⊤X, and has
variance equal to the square of the leading eigenvalue of this matrix:

(I + ρDX⊤XD)−1X⊤X v̂ = λ1v̂, ∥X v̂∥2 = λ1. (19)

Now we establish the statements in Theorem 1 regarding the equivalence of CoCA to PCA and CCA at the
two ends of its solution path. The equivalence to PCA is true by definition – that is, when ρ = 0 by definition
v̂ is proportional to the first principal component of X – and so we concentrate on deriving the equivalence
to CCA as ρ→∞.

Since we have assumed rank(X) = p, X⊤X is invertible. In that case, note that, as ρ → ∞, v̂/∥v̂∥2
converges to the leading eigenvector of the matrix (DX⊤XD)−1X⊤X. The eigenpairs of this matrix are
the solutions (vk, λk), k = 1, . . . , p to the eigenproblem

(DX⊤XD)−1X⊤Xv = λv, ∥v∥2 = 1. (20)

We begin by showing that each pair of canonical directions between X1 and X2 defines an eigenvector of
(DX⊤XD)−1X⊤Xv. Recall that there are a total of p∗ := min{p1, p2} canonical pairs (ṽ1, ṽ2, γ) between
X1 and X2, each of which satisfy the stationary conditions

(X⊤
1 X2)ṽ2 = √γ(X⊤

1 X1)ṽ1, ṽ⊤
1 X⊤

1 X1ṽ1 = 1
(X⊤

2 X1)ṽ1 = √γ(X⊤
2 X2)ṽ2, ṽ⊤

2 X⊤
2 X2ṽ2 = 1,

(21)

where γ defines the squared cross-correlation between ṽ1 and ṽ2. We will assume for ease of exposition
that the cross-correlations have multiplicity 1, so that (21) defines (ṽ1, ṽ2, γ) up to the sign of ṽ1, ṽ2. To
see the relationship between the eigenvectors vk and canonical directions ṽ1, ṽ2, notice that the eigenvector
equation (20) can be rearranged to

DX⊤XDv = 1
λ
X⊤Xv.

Written in block-matrix form, this is

X⊤
1 X1v1 −X⊤

1 X2v2 = 1
λ

(X⊤
1 X1v1 + X⊤

1 X2v2)

−X⊤
2 X1v1 + X⊤

2 X2v2 = 1
λ

(X⊤
2 X1v1 + X⊤

2 X2v2),

which can be rearranged to read

(X⊤
1 X2)v2 = (1− λ−1)

(1 + λ−1) (X⊤
1 X1)v1

(X⊤
2 X1)v1 = (1− λ−1)

(1 + λ−1) (X⊤
2 X2)v2,

(22)

This is simply (21) with √γ = (1−λ−1)
(1+λ−1) . It follows that each canonical pair corresponds to an eigenpair of (20),

meaning precisely that if (ṽ1, ṽ2, γ) is a canonical pair, then (letting ṽ = (ṽ1, ṽ2))(
ṽ

∥ṽ∥2
,

1 +√γ

1−√γ

)
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is an eigenpair of (20). Additionally, notice that if (v, λ) is an eigenpair satisfying (20), then (Dv, 1/λ) is
also an eigenpair satisfying (20). As a result,(

Dṽ

∥ṽ∥2
,

1−√γ

1 +√γ

)
is also an eigenpair of (20).

This characterizes 2p∗ eigenpairs of (20). The remaining p− 2p∗ eigenpairs correspond to the p1 − p2-
dimensional subspace of col(X1) that lies in the null space of X⊤

2 (assuming without loss of generality that
p2 < p1); for any such eigenpair (v, λ) it is the case that v2 = 0 and λ = 1. None of these are the leading
eigenpair, since X⊤

1 X2 ≠ 0 and therefore λ1 > 1. We conclude that the leading canonical pair (ṽ11, ṽ12, γ1)
corresponds to leading eigenpair of (DX⊤XD)−1X⊤X. This is the desired claim.

C Alternative formulations of CoCA
As mentioned, we have experimented with alternative formulations of CoCA.

Alternative formulation 1 One alternative formulation is to minimize the following objective:

min
u,v

1
2 ||X − θ ·Xvu⊤||2F + ρ

2 ||X1v1 −X2v2||22 + λ||v||1, subject to ||u||22 = 1, ||v||22 = 1. (23)

Here ρ ≥ 0 controls the relative importance of the agreement penalty and λ ≥ 0 controls the level of
sparsity. v ∈ Rp and u ∈ Rn are vectors, and θ is a scalar. v is partitioned as v = (v1, v2), where v1 ∈ Rp1

corresponds to X1 and v2 ∈ Rp2 to X2. However, this formulation has an important drawback: as ρ
approaches infinity, the solution does not converge to the CCA solution.

Alternative formulation 2 The limitation of (23) prompted us to explore another alternative formulation:

min
θ,u,v

1
2 ||X − θ ·Xvu⊤||2F + ρ

2 ||X1v1 −X2v2||22 + λ||v||1, subject to ||u||22 ≤ 1, ||Xv||22 = 1. (24)

Setting λ = 0, it can be shown that this formulation corresponds to PCA when ρ = 0 and CCA as ρ→∞;
we omit the derivation as is it similar to the proof of Theorem 1.

The difficulty with this formulation is that constraint ||Xv||22 = 1 makes the problem challenging to solve.
This can be finessed in the following way. We begin from (24), without sparsity:

min
θ,u,v

1
2 ||X − θ ·Xvu⊤||2F + ρ

2 ||X1v1 −X2v2||22, subject to ||u||22 ≤ 1, ||Xv||22 = 1. (25)

First, solving explicitly for θ, u, we see that (25) is equivalent to the following optimization problem:

max
v

v⊤Σ2v − ρv⊤DΣDv, subject to v⊤Σv = 1.

By adding cΣ for a sufficiently large value of c–for instance taking c to be the maximum eigenvalue of ρDΣD
will suffice–we can reformulate this as the generalized eigenproblem

max
v

v⊤Mρv, subject to v⊤Σv = 1, (26)

where Mρ = Σ2 − ρv⊤DΣD + cI is PSD. Problem (26) is equivalent to the following convex relaxation,

min
V ∈Rp×p

−tr(MρV ), subject to tr(ΣV ) = 1,V ⪰ 0,

in the sense that the solution will be the rank-1 matrix V̂ = v1v⊤
1 where v1 is the leading eigenvector of Mρ.
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Now, to incorporate sparsity, we constrain the ℓ1 norm of V to be at most k2:

min
V ∈Rp×p

−tr(MρV ), subject to tr(ΣV ) = 1,V ⪰ 0, ∥V ∥1 ≤ k2. (27)

The problem (27) is a semidefinite program (SDP), and can either be solved exactly using standard SDP
solvers, or approximately using a first-order method. However, it should be noted that the solution is no
longer guaranteed to be rank-1. Additionally, solving semidefinite programs becomes practically difficult for
large-scale problems. Instead, we opt for the CoCA formulation (7) presented earlier. This formulation satisfies
our key requirements: it encompasses PCA and CCA as special cases at the extremes of the regularization
path, and it remains computationally tractable when incorporating sparsity, allowing for efficient optimization
using algorithms like glmnet in an alternating scheme.
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